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Abstract
The performance of interval estimates in a uniform-beta mixture model is evaluated using three computational strategies. Such a
model has found use when modeling a distribution of P -values from multiple testing applications. The number of P -values and the
closeness of a parameter to the boundary of its space both play a role in the precision of parameter estimates as does the “nearness”
of the beta-distribution component to the uniform distribution. Three computational strategies are compared for computing interval
estimates with each one having advantages and disadvantages for cases considered here.
Published by Elsevier B.V.
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1. Introduction
A ﬁnite mixture model (McLachlan and Peel, 2000) of the form
f (x; ) = f0 (x; 0 ) + (1 − )f1 (x; 1 )

(1)

has recently been used in multiple testing applications where f0 models a statistic for which a null hypothesis is true,
and f1 is the model for which an alternative is true (Lee et al., 2000; Efron and Tibshirani, 2002; Allison et al., 2002;
Pounds and Morris, 2003; Gannoun et al., 2004). If the statistic is transformed into a P -value using the appropriate
reference distribution (Sackrowitz and Samuel-Cahn, 1999), f0 is the uniform density on (0, 1). The distribution of
a P -value when the alternative hypothesis is true, f1 , depends on the effect size, sample size, and the distribution
of the test statistic used to deﬁne the P -value (Hung et al., 1997). When many P -values are observed from multiple
tests, those for which the alternative hypothesis is true should be smaller than expected from a uniform distribution, a
fact used by Schweder and SpjZtvoll (1982) and more recently by Delongchamp et al. (2004). Parker and Rothenberg
(1988) found that a mixture of a uniform distribution and non-uniform beta distributions was sufﬁciently ﬂexible to
model the distribution of P -values from multiple hypothesis tests.
This paper considers a model of the form,
f (pi ) =  + (1 − ) (pi ; r, s) ,

pi ∈ (0, 1), i = 1, . . . , k,
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where pi is a P -value for the ith hypothesis test (out of k tests),  ∈ (0, 1) is a weight on the uniform component, and
(p; r, s) is a beta-probability density function (pdf) with parameters r and s. Such a model has been used by others to
model the distribution of P -values from microarray experiments (e.g., Allison et al., 2002; Pounds and Morris, 2003;
Gadbury et al., 2004). A typical microarray experiment tests for differential genetic expression across two or more
treatment groups. Multiple testing issues arise due to the many thousands of genes that are simultaneously tested for
differential expression (see Knudsen, 2002 or Speed, 2003, for more details on microarrays). The parameter  is thus
interpreted as the proportion of genes that have no differential expression due to treatment. An advantage of model (2)
is its generality in that any test producing a valid P -value can use this approach. The usual t-test is common but the
bootstrap and nonparametric methods have also been proposed (e.g., Tusher et al., 2001; Neuhauser and Lam, 2004).
Gadbury et al. (2003), however, noted that the distribution of P -values from randomization tests can be too discrete to
model using (2) when sample sizes (number of microarrays) are small.
This paper builds on prior work (Allison et al., 2002) by assessing the precision of maximum likelihood estimates
(MLEs) and Bayesian estimates of the parameter  = (, r, s) and functions of  under varying values of  and k,
particularly when  is near one and/or when r and s have values reﬂecting a “near uniform” beta distribution. The
effect of the number of tests, k, on the precision of parameter estimates is an important consideration since microarray
experiments may involve 1000 tests to over 60,000 tests. Moreover, the present genomic era (Wolfsberg et al., 2002)
opens a new realm of high dimensional biology (HDB) where multiple testing situations become the norm rather
than the exception. Investigations into genetic polymorphisms, gene expression levels, protein measurements, genetic
sequences, or any combination of these and their interactions may lead to experiments with tests numbering in the
hundreds or in the hundreds of thousands.
We evaluate the precision of estimates using 95% conﬁdence intervals and a 34 complete factorial simulation design.
The function of  considered is a “true positive probability” (TP) evaluated at a threshold ,
TP =

(1 − )B(; r, s)
,
 + (1 − )B(; r, s)

(3)

where B(; r, s) is the cumulative distribution function (CDF) of a beta distribution with parameters r and s, evaluated at
, and  is a user-selected threshold at which a P -value is declared “signiﬁcant.” TP can be interpreted as the proportion
of genes differentially expressed among those so declared at a threshold . In microarray experiments, values of TP
provide guidance for follow-on research by quantifying how likely certain genes are indeed affected by a treatment.
The quantity, 1 − TP is similar in concept to the false discovery rate (FDR) reported by others (e.g., Benjamini and
Hochberg, 1995, 2000; Storey, 2002). Previous work has produced point estimates for  (e.g., Parker and Rothenberg,
1988; Allison et al., 2002; Pounds and Morris, 2003; Gadbury et al., 2004) and hence, for TP, but little was done to
evaluate the precision of these estimates.
We also evaluate the precision of estimates for a quantity called dTP which is like the expression in (3) except using
density functions rather than CDF’s. This quantity can be interpreted as a Bayesian posterior probability of expression.
Subtracting dTP from one is analogous to the local false discovery rate discussed in other work (Efron, 2004). Since
TP can be thought of as an “average” of posterior probabilities over all genes declared differentially expressed, dTP
values will be lower than TP when evaluated at the same . Hereafter we focus on estimation results for TP, but results
for dTP are included in supplementary material (the internet link is given in Section 3.1).
We compare three different methods for interval estimation: one using asymptotic normality of MLE’s, another
using potential symmetry of sampling distributions but using the bootstrap for standard errors, and the third using
a Bayesian model with Markov–Chain Monte–Carlo (MCMC) to estimate a posterior probability distribution. All
three methods had their advantages and limitations. Chung et al. (2004) considered a mixture of two exponential
distributions and found that MCMC, when appropriately implemented, can offer advantages over the bootstrap when
multimodal likelihood surfaces arise due to the label switching problem (Celeux et al., 2000). Another recent study by
Dias and Wedel (2004) compared computational methods for estimation of parameters in a Gaussian mixture. Since our
initial mixture component was completely speciﬁed, we did not need to address the label switching problem, and the
implementation of MCMC was more straightforward as a result. Issues did arise, however, when the beta component
was near uniform.
In summary, this paper provides insight into answers to two questions: 1. For what values of parameters and number
of tests can one obtain precise parameter estimates? and 2. What are the relative advantages and limitations of three
computational strategies for computing interval estimates. It is important to note that we only consider the ability to
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obtain precise estimates from the model in (2) assuming P -values are generated randomly from the model. So the
true values of the model parameters are known and ﬁxed for each simulation case. This was important for computing
and comparing the actual coverage of conﬁdence intervals for model parameters. Variance of parameter estimates is
with respect to sampling from the data generating model, that is, the uniform beta mixture model. Correlation among
P -values was not considered. When P -values are positively correlated, for example, the sample distribution of P values will vary more from sample to sample, particularly at P -values near zero or one. Schweder and SpjZtvoll (1982)
provided some analytical details of this and it was shown using simulations by Allison et al. (2002) and Gadbury et al.
(2003). More discussion of this is given in Section 6 as a topic of continuing research.
In the next section, we will introduce the simulation design, methods of estimation, and how those methods are
implemented for interval estimation. Some key results will be summarized in Section 3. Somewhat surprisingly, we
found that as “few” as 500 tests (P -values) can produce interval estimates for parameters that are unusually wide
and difﬁcult to compute. Issues related to MCMC convergence and maximum likelihood estimation using numerical
methods will be addressed in this section as well. In Section 4, two data examples are used to further illustrate the
results. Then we provide more discussion of the three methods for interval estimation and conclude with some summary
recommendations.

2. Methods
2.1. Simulation design
A 34 complete factorial design was used to generate 81 simulation cases for varying values of  = (, r, s) and k. The
three selected values of each are, k = (500, 1000, 10, 000),  = (0.5, 0.7, 0.9), r = (0.4, 0.6, 0.8), and s = (2, 4, 8).
The levels were chosen to vary the magnitude of the log-likelihood given by

ln L(|p) =

k


ln f (pi ) ,

(4)

i=1

where f (pi ) is given in Eq. (2). When =(0.9, 0.8, 2), the mixture distribution is dominated by the uniform component
and the value of (4) is small relative to the case  = (0.5, 0.4, 8), where the non-uniform beta distribution is more
dominant. We refer to these cases as a “weak” versus a “strong” signal, respectively, and the selected parameter
combinations allow for a variety of cases in between. These ranges for parameter values reﬂect our experience of ﬁtting
the uniform-beta mixture model to the many data sets that we have analyzed. Also affecting the strength of the signal
is the number of P -values (a larger k yields a larger log-likelihood if holding values of  ﬁxed). We will see that it
is difﬁcult to estimate  when the signal is weak and k is small (i.e., k = 500). The uncertainty in estimates of  and
derived quantities, like TP in (3), was evaluated using the performance of interval estimates. Three different methods of
interval estimation were compared: a method using asymptotic normality of MLE’s referred to as the Hessian method,
a bootstrap technique that relies on the assumption of symmetry of the sampling distribution of MLE’s, and a Bayesian
approach to estimating a posterior probability distribution of the parameters using an MCMC method, the Metropolis
random walk algorithm.
For each of the 81 simulation cases, a set of P -values was randomly generated from the model in (2). Given the
parameter set  = (, r, s) and the number of tests, k, the number, kU , was simulated from a binomial distribution
with parameters (, k) and kU P -values then simulated from a uniform distribution and 1 − kU P -values from a
beta distribution with parameters (r, s). For each of 81 simulation cases, 1000 sets of P -values were generated. The
performance of interval estimates was evaluated using the resulting 1000 conﬁdence intervals for each simulation case.
The percent coverage (out of 1000 intervals), average length, median length, and standard deviations of lengths were
recorded. Of the intervals that did not cover the true parameter value, the number of those that missed on the lower
bound and on the upper bound was also recorded.
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2.2. Point estimation
ˆ were required to produce interval estimates. Values
In the Hessian and bootstrap methods, computation of MLE’s, ,
of  that maximize (4) were computed using the R function optim with the method L-BFGS-B.
2.3. Interval estimation
The general procedure for interval estimation using the Hessian and bootstrap methods is,
(a) Generate a set of k P -values from the mixture model.
(b) Estimate the set of parameters  = (, r, s) and TP (and dTP) at three different thresholds  = 0.01, 0.001, 0.0001
and compute their estimated variances.
(c) Compute interval estimates for the parameters in (b).
(d) Repeat steps (a)–(c) 1000 times.
(e) Compute the conﬁdence interval performance summaries described above.
The Bayesian approach will be described in a later subsection.
2.3.1. Hessian
The Hessian of (4) is a three-dimensional square matrix, H, with entries,
Hij =

j2 ln L(|p)
ji jj

 = (1 , 2 , 3 ) = (, r, s).

(5)

The information matrix is
I () = −E[H ].

(6)

Under regularity conditions (e.g., the derivatives in (5) exist), MLEs are asymptotically normal (see McLachlan and Peel,
a
2000, Chapter 2 for more discussion). This gives 
 ∼ N [, V ()], where V () = [I ()]−1 is the asymptotic
  variance.
The asymptotic variance was estimated using the observed information (Efron and Hinkley, 1978), i ˆ = −H |=ˆ
 

so that the estimated asymptotic variance is V
() = i −1 ˆ .


ˆ To estimate its variance the vector, J = jTP , jTP , jTP was
The MLE for TP in (3) is a function of the MLEs .
jr
js
j
derived where
jTP
B(, r, s)
=−
,
j
[ + (1 − )B(, r, s)]2
jTP (1 − )(jB(, r, s)/jr)
,
=
jr
[ + (1 − )B(, r, s)]2
jTP (1 − )(jB(, r, s)/js)
=
js
[ + (1 − )B(, r, s)]2
and where B(; r, s) is the beta-cumulative distribution function with parameters r and s, evaluated at . The esti
mated variance is then JˆV
()Jˆ , where Jˆ is the vector J evaluated at the MLEs. A numerical approach to compute
jB(, r, s)/jr, jB(, r, s)/js was implemented in R/S-plus by Boik and Robinson-Cox (1998). Use of asymptotic
normality of MLE’s allows computation of approximate large sample conﬁdence intervals for model parameters, , r, s,
and TP. Numerical difﬁculties that were encountered with computation of MLEs and the estimated variance matrix are
discussed in Subsection 3.3.
2.3.2. Bootstrap
We used the bootstrap to estimate standard errors of MLEs but assumed approximate normality of their sampling
distributions. This bootstrap method was chosen for two reasons, one based on intuition and the other computational
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practicality. First, since the number of P -values is 500 or larger, we expected the sampling distribution to be somewhat
symmetric (this unfortunately turned out to not quite be the case for weak signals). Second, the number of bootstrap
samples can be considerably smaller when only computing standard errors versus what would be required for percentiles
and, when the signal was weak, it was sometimes difﬁcult to numerically obtain an MLE within a bootstrap simulation.
More discussion of this limitation is given in Section 3.3. In Section 5, we do compute a bias corrected percentile
interval for a selected case as illustration.
 ∗ . This
P -values were resampled with replacement and the model ﬁt to this bootstrapped sample, obtaining ˆ ∗ and TP
was repeated B times and the standard deviation of the B separate estimates computed yielding the estimated standard
error, se. A 100(1 − )% conﬁdence interval is ˆ ± tk−1,/2 se. We used B = 100 which is generally believed to be large
enough for standard error estimation (Efron and Tibshirani, 1993).
2.3.3. Bayesian approach
A simple Bayesian model was used to compute the joint posterior probability distribution for the three parameters,
 = (, r, s). All three parameters were assumed to have uniform priors over the parameter space  where
 = { = (, r, s) : 0 <  < 1, 0 < r M, 0 < s M}
and the joint prior distribution was the product of the marginals. The upper bound, M, for r and s was chosen to avoid
numerical encounters with inﬁnity when computing the value of the density (i.e., the beta-distribution pdf uses a ratio
of gamma-functions and is computed in R to be inﬁnity if the numerator is inﬁnite, regardless of the denominator). This
upper bound for the parameter space was also used for the bootstrap and Hessian techniques when computing MLEs
using the numerical optimizer. We used M = 170, a choice that had minimal effect on computed results for any of the
methods.
Under this prior speciﬁcation, the posterior distribution for the parameters given the data was proportional
to the
 
joint distribution of the data given the parameters, i.e., the likelihood function, f|p () ∝ fP | p I (), where
  
fP | p = i f (pi ), f (pi ) is the model given in (2), and I () is the indicator function over the parameter space.
An MCMC random-walk Metropolis algorithm (Chib and Greenberg, 1995; Roberts, 1996) was used to simulate
the posterior
distribution.
First an initial value, 0 = (0 , r0 , s0 ) is chosen. Given that the chain is in the j th state,


j = j , rj , sj , j = 0, 1, . . . , a proposed value, ∗ = ∗ , r ∗ , s ∗ was drawn according to the process:
∗ =  + t1 u1 ,
r ∗ = r + t 2 u2 ,
s ∗ = s + t 3 u3 ,
where (u1 , u2 , u3 ) are random numbers generated independently from symmetric uniform distributions on (−1, 1),
and (t1 , t2 , t3 ) are tuning variables. The proposal ∗ was accepted with probability

⎫
⎧
⎨ l ∗ p ⎬
 ,
 = min 1, 
⎩ l  p ⎭
j
where l(Q) is the logarithm of the likelihood. This simple acceptance/rejection rule resulted from the assumption of ﬂat
priors and a symmetric proposal distribution. If the proposal was accepted, j +1 = ∗ , otherwise j +1 = j . This was
repeated for N iterations and a burn-in period, j = 0, . . . , jb was discarded. The resulting b+1 , . . . , N comprised the
estimated posterior distribution. See Gelman et al. (2004, Chapter 11) for a discussion of convergence for the random
walk algorithm.
The (1 − )100% Bayesian support interval for the parameters was computed using the /2 and 1 − /2 quantiles of
this posterior. The starting values we used were 0 =(0.72, 1.11, 4.79) and were the same for all simulation cases. These
values were arbitrarily selected from the parameter space to facilitate convergence of the chain, and their values would
not affect the estimated posterior providing the MCMC chain was run to convergence and the appropriate burn-in period
discarded. The tuning parameters, total number N of MCMC simulations, and the burn-in period varied depending on
the case. These details are given in Subsection 3.3.
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Table 1
Nine selected cases showing percent Coverage (average length), and number of misses at the lower (low), upper (up) bounds of 95% interval estimates
from 1000 simulations for three methods
True parameters

# of miss (low + up)

Percent coverage (average length)

k



r

s



r

s



r

s

Hessian

10,000
10,000
10,000
1000
1000
1000
500
500
500

0.5
0.7
0.9
0.5
0.7
0.9
0.5
0.7
0.9

0.4
0.6
0.8
0.4
0.6
0.8
0.4
0.6
0.8

8
4
2
8
4
2
8
4
2

0.953(0.03)
0.954(0.05)
0.901(0.48)
0.957(0.09)
0.954(0.18)
0.839(0.86)
0.942(0.13)
0.949(0.30)
0.845(0.73)

0.951(0.03)
0.950(0.07)
0.979(0.34)
0.934(0.09)
0.940(0.21)
0.974(6.87)
0.949(0.12)
0.958(0.31)
0.970(18.29)

0.956(1.69)
0.948(1.48)
0.880(3.34)
0.934(5.43)
0.933(4.92)
0.916(27.91)
0.934(7.76)
0.902(7.16)
0.971(46.90)

21 + 26
27 + 19
99 + 0
23 + 20
40 + 6
160 + 1
30 + 28
43 + 8
154 + 1

23 + 26
18 + 32
16 + 5
29 + 37
27 + 33
10 + 16
24 + 27
16 + 26
10 + 20

16 + 28
17 + 35
4 + 116
24 + 42
15 + 52
2 + 82
12 + 54
7 + 91
0 + 29

Bootstrap

10,000
10,000
10,000
1000
1000
1000
500
500
500

0.5
0.7
0.9
0.5
0.7
0.9
0.5
0.7
0.9

0.4
0.6
0.8
0.4
0.6
0.8
0.4
0.6
0.8

8
4
2
8
4
2
8
4
2

0.944(0.03)
0.958(0.05)
0.949(0.37)
0.959(0.10)
0.964(0.31)
0.948(0.42)
0.960(0.15)
0.948(0.43)
0.954(0.46)

0.950(0.03)
0.951(0.07)
0.975(0.74)
0.950(0.09)
0.965(0.22)
0.992(31.58)
0.949(0.13)
0.968(0.67)
0.991(62.75)

0.944(1.69)
0.959(1.51)
0.906(9.45)
0.957(5.61)
0.940(5.98)
0.989(53.55)
0.946(8.47)
0.929(12.08)
0.970(75.12)

28 + 28
27 + 15
34 + 17
20 + 21
20 + 16
13 + 39
16 + 24
28 + 24
10 + 36

27 + 23
22 + 27
18 + 7
25 + 25
21 + 14
5+3
20 + 31
15 + 17
7+2

28 + 28
12 + 29
8 + 86
11 + 32
9 + 51
9+2
12 + 42
2 + 69
30 + 0

MCMC

10,000
10,000
10,000
1000
1000
1000
500
500
500

0.5
0.7
0.9
0.5
0.7
0.9
0.5
0.7
0.9

0.4
0.6
0.8
0.4
0.6
0.8
0.4
0.6
0.8

8
4
2
8
4
2
8
4
2

0.958(0.03)
0.949(0.05)
0.927(0.26)
0.944(0.09)
0.925(0.26)
0.689(0.26)
0.923(0.14)
0.917(0.35)
0.788(0.24)

0.949(0.03)
0.945(0.06)
0.901(0.34)
0.932(0.09)
0.933(0.21)
0.598(2.10)
0.937(0.13)
0.922(0.32)
0.511(1.72)

0.947(1.69)
0.948(1.49)
0.921(3.91)
0.928(5.36)
0.900(5.27)
0.541(10.56)
0.912(7.94)
0.889(8.21)
0.523(15.98)

22 + 20
31 + 20
48 + 25
30 + 26
45 + 30
303 + 8
44 + 33
59 + 24
209 + 3

29 + 22
35 + 20
99 + 0
50 + 18
50 + 17
397 + 5
46 + 17
71 + 7
485 + 4

27 + 26
31 + 21
62 + 17
51 + 21
71 + 29
458 + 1
69 + 19
92 + 19
477 + 0

3. Results
All 81 simulation cases were run on an IBM cluster based on UNIX. The cluster had a 128-processor (64 nodes, dual
CPUs, Xeon 2.4 GHz, 2–4 GB memory for each node) with a terabyte storage unit. All the methods were implemented
using the R software.
3.1. Presentation of simulation results
For brevity, performance details are provided in Table 1 for nine cases from the 81 simulations. Three cases were
selected for k = 10, 000, 1000, and 500, respectively and these three can be categorized as a strong  = (0.5, 0.4, 8),
intermediate  = (0.7, 0.6, 4), or weak  = (0.9, 0.8, 2) class based on their signal. The full result tables can be
accessed at www.umr.edu/∼geneexp/mcmc-paper/supplement.htm. Table 1 gives performance results for 95% interval
estimates, including percentage of intervals that covered the true parameter values, the average length of the intervals,
and the number of times that the interval missed covering the parameter value at the lower or at the upper bounds, out
of 1000 intervals. The full results at the above web site also provide the median length of intervals and the standard
deviations of the lengths of the 1000 intervals. The performance of interval estimates for TP are summarized in Table
2, where TP0001, TP001, and TP01 are the values of TP evaluated at a threshold  = 0.0001, 0.001, 0.01, respectively.
The simulation parameter values, i.e., the nine cases in Table 2, are the same as those in Table 1. The results for dTP
computed at the same thresholds are given in tables at the above web site.
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Table 2
As for Table 1, the same nine cases showing percent coverage (average length), number of misses at the lower, upper bounds of 95% conﬁdence
interval estimates for true positive probability TP over 1000 simulations for the three methods. TP0001, TP001, and TP01 represent TP evaluated at
thresholds  = 0.0001, 0.001, 0.01, respectively
True parameters

# of miss (low + up)

Percent coverage (average length)

TP0001

TP001

TP01

TP0001

TP001

TP01

TP0001

TP001

TP01

Hessian

0.998
0.977
0.558
0.998
0.977
0.558
0.998
0.977
0.558

0.994
0.944
0.443
0.994
0.944
0.443
0.994
0.944
0.443

0.975
0.870
0.333
0.975
0.870
0.333
0.975
0.870
0.333

0.948(0.0003)
0.946(0.01)
0.993(1.29)
0.935(0.001)
0.931(0.03)
0.995(14.59)
0.941(0.001)
0.897(0.05)
0.999(37.94)

0.935(0.0009)
0.948(0.02)
0.993(1.20)
0.943(0.003)
0.952(0.06)
0.989(11.20)
0.950(0.004)
0.927(0.09)
0.993(28.18)

0.949(0.003)
0.947(0.02)
0.996(1.03)
0.955(0.008)
0.972(0.08)
0.991(7.26)
0.953(0.01)
0.967(0.15)
0.989(16.93)

20 + 32
19 + 35
7+0
17 + 48
1 + 68
5+0
8 + 51
0 + 103
1+0

25 + 40
23 + 29
7+0
16 + 41
2 + 46
11 + 0
5 + 45
2 + 71
7+0

21 + 30
27 + 26
4+0
12 + 33
4 + 24
9+0
10 + 37
2 + 31
11 + 0

Bootstrap

0.998
0.977
0.558
0.998
0.977
0.558
0.998
0.977
0.558

0.994
0.944
0.443
0.994
0.944
0.443
0.994
0.944
0.443

0.975
0.870
0.333
0.975
0.870
0.333
0.975
0.870
0.333

0.952(0.0003)
0.954(0.01)
0.924(0.56)
0.953(0.001)
0.953(0.05)
0.819(1.02)
0.958(0.002)
0.945(0.14)
0.786(1.09)

0.958(0.0009)
0.948(0.02)
0.942(0.45)
0.950(0.003)
0.954(0.07)
0.858(0.84)
0.955(0.004)
0.948(0.14)
0.835(0.93)

0.952(0.003)
0.944(0.02)
0.970(0.36)
0.951(0.008)
0.958(0.09)
0.903(0.62)
0.954(0.01)
0.958(0.14)
0.895(0.71)

25 + 23
40 + 6
38 + 38
40 + 7
47 + 0
21 + 160
41 + 1
55 + 0
28 + 186

27 + 15
40 + 12
34 + 24
38 + 12
46 + 0
41 + 101
41 + 4
52 + 0
47 + 118

30 + 18
36 + 20
21 + 9
34 + 15
35 + 7
56 + 41
38 + 8
41 + 1
63 + 42

MCMC

0.998
0.977
0.558
0.998
0.977
0.558
0.998
0.977
0.558

0.994
0.944
0.443
0.994
0.944
0.443
0.994
0.944
0.443

0.975
0.870
0.333
0.975
0.870
0.333
0.975
0.870
0.333

0.955(0.0003)
0.946(0.01)
0.918(0.49)
0.933(0.001)
0.932(0.05)
0.643(0.57)
0.941(0.001)
0.921(0.10)
0.565(0.53)

0.953(0.0009)
0.952(0.02)
0.921(0.39)
0.933(0.003)
0.933(0.06)
0.662(0.50)
0.945(0.004)
0.927(0.11)
0.590(0.47)

0.956(0.003)
0.954(0.02)
0.922(0.30)
0.939(0.008)
0.939(0.09)
0.693(0.41)
0.936(0.01)
0.936(0.13)
0.643(0.40)

19 + 26
17 + 34
22 + 60
19 + 48
28 + 40
9 + 348
17 + 42
20 + 59
4 + 431

23 + 24
14 + 34
27 + 52
24 + 43
32 + 35
11 + 327
18 + 37
24 + 49
3 + 407

20 + 24
17 + 29
28 + 50
28 + 33
34 + 270
10 + 297
31 + 33
28 + 36
7 + 350

The cases are in the same order as those for Table 1. The ﬁrst three rows for each section (i.e., Hessian, Bootstrap, and MCMC) are k = 10, 000 for
strong, medium, and weak signals. Similarly, the next three rows are for k = 1000, and the last three for k = 500.

Figs. 1–4 graphically show performance summaries for 54 cases. Figs. 1 and 2 show percentage coverage and mean
length of conﬁdence intervals for  when k = 10, 000 (27 cases, Fig. 1), and when k = 1000 (27 cases, Fig. 2). Figs. 3
and 4 do the same for TP001, i.e., the value of TP evaluated at  = 0.001. The true value of TP at this threshold ranged
from 0.443 to 0.994. All four ﬁgures show how the percent coverage and mean length change as a function of the true
parameter values of  and s. The plots are staggered off of the true parameter values for easier visualization of the
performance of the three computational techniques. We focus less on the cases when k =500 due to some computational
challenges that make the performance summaries uncertain and more difﬁcult to compare among the three techniques.
These challenges and limitations are discussed in Subsection 3.3.
3.2. Discussion and comparison of simulation results
The performance of interval estimates is quite good for the three methods when the signal is in the strong or
intermediate class and when k is large. For example, when  = (0.5, 0.4, 8) and k = 10, 000, the percent coverage for
all parameters is close to 95% and the average length is small. Moreover, all three methods of estimation give similar
coverage and average lengths for these particular cases. The difference between the number of interval misses at the
lower and at the upper bounds is small meaning that the simulated sampling distributions of MLEs have no extreme
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Fig. 1. Interval estimation performance—percentage coverage and average length for 95% interval estimate for  among 1000 simulations when
k = 10, 000. The coverage and average length of the intervals for  are plotted against the true value of  and against the true value of s. The plot is
staggered about the true values to improve visibility of the three computational methods. The Hessian method is shown with circles, the bootstrap
by triangles, and the MCMC method using inverted triangles. The dashed line on the top row represents nominal coverage of 95%.
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Fig. 2. Same as for Fig. 1 except k = 1000.

skewness in either left or right tail. This effect can also be seen in the supplementary tables provided on the above
mentioned website where the average lengths of intervals is very similar to the median length.
If we reduce the signal by increasing the uniform component, , increasing r, reducing s, while keeping k ﬁxed at
10,000, the coverage becomes more variable and the average length increases. Even when  = 0.9, the interval percent
coverage for  is still above 90% for most cases. Estimates for s seem to be least precise relative to  and r, Fig. 1
shows that coverages for  are closest to the nominal 95%, and the mean length small when either the true  is small
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Fig. 3. Same as for Fig. 1 except the performance of intervals for TP evaluated at the threshold  = 0.001 are plotted against the true values of  and
of s, and k = 10, 000, as for Fig. 1.
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Fig. 4. Same as for Fig. 3 except k = 1000.

or s is large. When  = 0.9 and s = 2, coverage and mean length vary much more over different values of r. A similar
but more pronounced effect is seen in Fig. 2 for k = 1000 (note the different scales for the vertical axes in Figs. 1 and
2). The two ﬁgures also show that the Hessian and bootstrap methods tend to be slightly more conservative in coverage
than MCMC for many cases.
The average length of intervals tends to vary more from case to case for the Hessian and bootstrap methods versus MCMC; however, the latter method produces range preserving interval estimates and the former two methods
do not necessarily do so. Bootstrap percentile intervals would be range preserving but would have required more
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bootstrap simulations. For comparison, we computed this type of interval for a selected case and report the result in
Section 5.
When k = 1000, or 500 and when the signal is weak, the bootstrap maintains good coverage for  though the lengths
of intervals for r and s can become wide. This was also seen in results for the Hessian method. The MCMC tends to
be more liberal in coverage for these cases but, as discussed in the next subsection, these interval estimates may have
been computed from some MCMC chains that had not converged. Also noteworthy is that, for these cases, failures of
coverage tend to happen on one side (i.e., the lower bound).
Table 2 shows results for the same cases as Table 1 except for TP evaluated at three thresholds. The true value
of TP for all cases ranged from a low of 0.333 for (k, , r, s, ) = (500, 0.9, 0.8, 2, 0.01) to a high of 0.998 for
(k, , r, s, ) = (10, 000, 0.5, 0.4, 8, 0.0001). Results in Table 2 follow a similar pattern as those in Table 1. However,
when the signal was weak and when k = 500 or 1000, the Hessian method sometimes produced very wide intervals.
This can also be seen in Figs. 3 and 4 for TP evaluated at a threshold  = 0.001. For these cases, the ﬂatness of the
log-likelihood surface makes estimation challenging. Also, for these weak signals, the number of interval misses for
TP001 usually fall to one side, suggesting the MLEs’ distributions are not symmetric. Use of asymptotic normality may
not be appropriate for these weak signals because k is not sufﬁciently large, and the Hessian method not suitable for
interval estimation. McLachlan and Peel (2000, p. 42) caution that sample sizes need to be very large for asymptotic
theory to apply to mixture models.
3.3. More simulation details and some limitations of simulation results
Numerical difﬁculties were encounted when computing MLEs for some cases, particularly when k = 500 and the
signal was weak. The likelihood surface becomes ﬂat near the optimum making it difﬁcult to ensure that a unique
global optimum was attained. The surface seemed most sensitive to the value of s, and formed a ridge along the
s parameter axis when the true value of s = 2 and (, r) = (0.9, 0.8). Fig. 5 compares a 3 dimensional plot of a
likelihood surface (obtained from MCMC) for this case versus one for a stronger signal and k = 10, 000. In cases
when the likelihood surface was ﬂat near the optimum, the observed information matrix was near singularity and/or
the computed MLE for  was on the boundary of the parameter space. When the numerical routine reached this
boundary, the logarithm of the likelihood became zero and estimates for r and s were meaningless. In these cases
up to 25 different combinations of starting values were used in an attempt to obtain a unique MLE inside the parameter space. If this failed, a new set of P -values was generated. The number of times that a new set of P -values
was needed ranged from 0 (for the stronger signals or when k = 10, 000) to 282 (out of 1000 simulated sets of
P -values) for the case when k = 500 and  = (0.9, 0.8, 2). Thus, for cases when this number was large, performance summaries of interval estimates for the Hessian and bootstrap methods may not be directly comparable with
MCMC since the MCMC technique did not require that a new set of P -values be generated (i.e., MLEs were not
required). This limitation was a numerical limitation rather than one associated with either the Hessian or bootstrap
techniques.
Sometimes an MLE could be computed for the original sample of P -values but the same issue described above would
arise within a bootstrap resample. The same procedure was used except that if the different combination of starting
values did not resolve the problem, a new bootstrap sample was obtained from the original sample of P -values.
The MCMC method also posed challenges for small k and a weak signal. Poor or slow convergence may lead to
imprecise inference when using MCMC to summarize the posterior distribution of parameters; however, techniques to
monitor convergence are available. Monitoring convergence for all cases within the above-described simulations was
not feasible, but we investigated convergence for several cases.
Mengersen et al. (1999) classiﬁed the MCMC diagnostics into three categories: exploration, stationary, and estimation. Some available software packages like CODA (Cowles et al., 1997) and BOA (Smith, 2003) implement some of
these methods and provide a range of diagnostic tools. We used BOA to diagnose if the simulation output from MCMC
had converged. Four popular diagnostic methods, Gelman and Rubin (1992), Geweke (1992), Heidelberger and Welch
(1983), and Raftery and Lewis (1992), are coded in BOA.
When the signal is weak and the number of P -values small, i.e., k = 500 or 1000, convergence is more dependent
upon choice of tuning parameters. It is possible to tune the choice of proposal distributions to optimize the performance
of the MCMC simulation. The precision of summary percentiles of the posterior usually increase with the number of
simulations but may be reduced by positive correlation such as occurs in a Markov chain (Link et al., 2001). For chains
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Fig. 5. Three-dimensional plots obtained from MCMC output for two cases: (a) the case  =(0.5, 0.6, 8) and k =10, 000, (b) the case  =(0.9, 0.8, 2)
and k = 500. The vertical axis, z, is the log-likelihood plotted against  and s.

generated using the Metropolis–Hasting algorithm, the magnitude of the correlation depends on the relation between
current values j and the candidate point ∗ . It also depends on the choice of tuning variables.
We used the diagnostic software to guide us in selecting tuning parameters, the number of MCMC iterations, and the
burn-in period. For all cases when  = 0.5, the tuning parameters were (t1 , t2 , t3 ) = (0.01, 0.01, 0.2) and for all other
cases they were set to (t1 , t2 , t3 ) = (0.02, 0.02, 0.2). The total number of MCMC iterations(burn-in) was 20,000(5000)
for k = 10, 000, 30,000(15,000) for k = 1000, and 50,000(25,000) for k = 500. The chain moved more slowly from its
starting value for smaller values of k, requiring a longer burn-in period. We are reasonably conﬁdent that the MCMC
chain had converged for all cases when  was either 0.5 or 0.7, regardless of k. We are less certain that the chain had
converged for some cases when  = 0.9, and believe that convergence had likely not occurred for when  = 0.9 and
s = 2. We doubt that convergence occurred for the 9 cases when  = 0.9 and k = 500. Note that a “case” involves 1000
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Fig. 6. Fitted mixture model (solid line curve) to 12,625 p-values obtained from the example data set 1. The dashed line is a uniform density function.

different simulations yielding 1000 interval estimates. It is possible that some of these simulations converged for some
of these cases, but we doubt that all 1000 converged.
In practice when analyzing a data set, more care can be taken with starting values (for the Hessian or bootstrap
method) and with use of convergence diagnostics with MCMC. For example, in other MCMC simulations (not reported here) we restricted the parameter r to be in the unit interval as we have observed it to be in many data sets
that we have analyzed. This restriction improved the convergence of MCMC for weak signals when k = 500. Use of
prior information on model parameters may be practical for some applications and can improve MCMC estimation
performance.

4. Application to biological data
As illustration on actual data, conﬁdence intervals for mixture model parameters were computed using data from
two different microarray experiments. The ﬁrst experiment (data set 1) was a study of a human rheumatoid arthritis
synovial ﬁbroblast (RASF) cell line. The cell line was randomly divided into two groups of three units with each
group receiving different “treatments”. Thus the experiment produced six microarrays with three arrays in each of two
different treatment groups. The objective of the study was to determine genes that were differentially expressed across
the two treatment groups. These differentially expressed genes were hypothesized to be related to the development of
RASF cells and thus, potential targets for drugs that would diminish inﬂammatory activity. These data were analyzed
in Gadbury et al. (2003, 2004) with biological details discussed in Zhang et al. (2004). Fig. 6 is a histogram of P -values
obtained from two sample t-tests on each of k = 12, 625 genes. The solid line is the mixture of one uniform plus one
beta distribution. The dashed line is a uniform distribution.
The second experiment (data set 2) sought genes that are differentially expressed between CD4 cells taken from
ﬁve young and ﬁve old male rhesus monkeys. Statistical signiﬁcance for k = 12, 548 genes was assessed using pooled
variance t-tests after quantile–quantile normalization. These data were analyzed in Gadbury et al. (2004).
Table 3 shows the parameter estimates and 95% interval estimates for these two data sets. Interval estimates were
obtained from the methods as described for the simulations. The point estimates in Table 3 are MLEs for the bootstrap and Hessian methods, and they are means of posterior distributions for the Bayesian MCMC method. The value
of the maximum log-likelihood function for the model ﬁtted to data set 1 is 1484. Interval estimates for all parameters are similar among the three methods. The maximum log-likelihood is 159 for data set 2, indicating that the
signal is weaker relative to data set 1. However, k = 12, 548 is large and interval estimates are still similar among
the three methods, though the bootstrap method tends to produce intervals that are slightly more narrow than the
other two methods. Fig. 7 shows the simulated marginal posterior distributions from MCMC (column 1) and the
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Table 3
Parameter  = (, r, s) estimates and their 95% interval estimates for two example data sets using the Hessian, bootstrap, and MCMC methods
Method

Point estimate (interval estimate)

Total elapsed times (s)



r

s

Data set 1
MCMC
Bootstrap
Hessian

0.598 (0.523, 0.652)
0.605 (0.555, 0.653)
0.605 (0.547, 0.662)

0.540 (0.518, 0.562)
0.539 (0.520, 0.558)
0.539 (0.517, 0.561)

1.830 (1.446, 2.238)
1.844 (1.546, 2.142)
1.844 (1.451, 2.236)

1179
616
8

Data set 2
MCMC
Bootstrap
Hessian

0.801 (0.757, 0.837)
0.799 (0.763, 0.834)
0.799 (0.757, 0.841)

0.957 (0.874, 1.084)
0.943 (0.819, 1.067)
0.943 (0.844, 1.042)

2.584 (2.011, 3.342)
2.496 (1.896, 3.095)
2.496 (1.860, 3.132)

1172
906
11

The estimates from Hessian and bootstrap methods are MLEs, but the estimates from MCMC are means of posterior distributions after discarding
the ﬁrst 5000 iterations.
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Fig. 7. Column 1 are the simulated MCMC posterior distributions (15,000 values) of parameters and column 2 are the distribution of 100 “bootstrapped”
MLEs for data set 2. All plots are relative frequency histograms.

simulated bootstrap sampling distribution of MLEs (column 2) for data set 2. The MCMC posterior was simulated
using N = 20, 000 MCMC simulations and discarding a burn-in period of the ﬁrst 5000. The MCMC tuning parameters were (t1 , t2 , t3 ) = (0.02, 0.02, 0.2). The bootstrap sampling distributions are MLE’s computed from 100
bootstrap samples. Comparison of the two columns (i.e., MCMC versus bootstrap) is not ideal because the ﬁrst are
histograms of 15,000 values and the second only 100 values, but it is still interesting to note that a similar shape
and range of values is apparent in both. A similar observation was obtained from the same plots for data set 1 (plots
not shown).
Also shown in Table 3 are the computing times for the 3 methods for both data sets. The Hessian method executes very
quickly, and the bootstrap method executes more quickly than the MCMC method. All three methods were executed
for both data sets on a Dell Desktop Dimension 8250 with CPU speed of 2.8 GHz and with 1024 MB RAM.
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5. More discussion of computational methods
Three computational methods were chosen to evaluate the precision of the estimates and each one offered advantages
and limitations. The biggest advantage of the Hessian method is its computational efﬁciency. It executes quickly and
has good accuracy when the likelihood function has a well-deﬁned maximum. But this method is questionable when
the log-likelihood surface becomes ﬂat due to, as mentioned earlier, numerical difﬁculties in ﬁnding a global maximum
and near singularities in the observed information matrix. Since the variance is just the reciprocal of the curvature of
the log-likelihood surface at the MLE, a ﬂat likelihood surface around the MLE yields a large variance.
We experimented, using the Hessian method, with cases representing very weak signals. When r = s = 1.1, coverage
for r and s was good but coverage for  was poor, regardless of the true value for  (i.e., generally less than 60%
coverage). This would represent cases for which there are genes that are differentially expressed, but their magnitude
of differential expression small. Also considered was the case when the true value of  = 0.95, r = 0.9. Coverage
for all parameters was good as long as s 4. This suggests that the mixture model is useful for modeling P -values
for situations where 5% of genes are differentially expressed, as long as the magnitude of differential expression is
large enough to differentiate the beta-distribution component from the uniform. If the beta distribution “looks” like the
uniform, identiﬁability issues arise when estimating .
Finding the MLE’s in cases such as these entail careful selection of starting values and could require using different
numerical optimizers. In fact, when the observed information matrix suggested ﬂatness of the likelihood at the discovered
maximum, the bootstrap method and MCMC were also more difﬁcult to implement and required more care to ensure
global maxima are attained or MCMC convergence had occurred. Thus, the observed value of the Hessian can provide
advance insight into anticipated difﬁculties for bootstrap methods or MCMC convergence.
The bootstrap method works well with a strong signal and large k. However, it is computationally intensive since
for each bootstrap sample, MLEs must be numerically computed. For small k and weak signals, the bootstrap intervals
sometimes appeared to be unstable since MLEs in some bootstrap samples are difﬁcult to obtain and may not represent
a global maximum of the likelihood surface. The work around for this issue was to monitor the computed MLEs and to
compute the observed information matrix. In cases where the information matrix yielded negative variance estimates,
or if the MLE occurred at the boundary, new starting values (up to 25 combinations) for the optimizer were used. If
this did not work, a new set of P -values was resampled inside the bootstrap loop.
The t-distribution based bootstrap interval is rather simplistic relative to more modern developments. The computational demand of computing MLEs for each bootstrap sample prevented us from evaluating these here. The computational demand resulted from a combination of the numerical challenges described above, and the fact that the bootstrap
loops were nested inside simulation loops. The cluster used for our simulations did not allow execution times for a
submitted job that exceeded 96 h. Recoding the simulation software into a language other than the R may improve
efﬁciency.
As a comparison, however, we computed a simple bias corrected percentile interval (Efron, 1982) for a simulation
case using B = 1000 bootstrap samples. The parameter values were k = 10, 000 and (, r, s) = (0.7, 0.8, 2). The
percent coverage using the t-distribution based bootstrap interval for  was 96.2% with an average length of 0.300
and a median length of 0.170. Of the 38 conﬁdence intervals that failed to cover , 35 failed on the lower bound and
3 on the upper bound. Using the bias corrected percentile interval, percent coverage was 94.8% with a mean length
0.189, median length 0.151, and of the 52 failures, 25 were at the lower bound and 27 at the upper bound. The bias
corrected interval was less sensitive to extreme bootstrap samples than the interval using the t-distribution, and it also
helped to correct for asymmetry in the bootstrapped sampling distribution. Coverage for TP was conservative using the
t-distribution-based interval and became much closer to the nominal 95% coverage using the bias corrected percentile
interval. For example, the coverage for TP at  = 0.001 went from 0.980 to 0.958. Similar to results for , the mean
length decreased slightly and number of failures in coverage at the lower and at the upper bounds became much closer.
The Bayesian approach combined with MCMC provides a simulation of the full posterior distribution of the parameters, and hence, is not affected by the numerical difﬁculties when obtaining MLEs. The Bayesian approach also yields a
posterior distribution of the parameters providing for direct probability statements about the true parameter values. The
MLE and bootstrap methods provide frequentist intervals that may contain the true value, but no probability statements
about the true value. Despite this difference in interpretation between the interval estimates, we have computed and
evaluated the stability and performance of Bayesian support intervals using their “frequentist properties,” meaning how
often they contain a true value.
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A disadvantage is that MCMC can have convergence issues that were discussed in Section 3.3. How to choose
appropriate tuning variables for the case when k is small and the signal weak is important and can be challenging as
well as computationally demanding. For the uniform beta-mixture model, one expects that r will be less than 1 and
s greater than 1, since the beta-distribution component is expected to be monotonically decreasing with a mode near
zero. Thus one could restrict values for r and s in the MCMC implementation. We did not do this for our simulations
but did experiment with some test cases and found that convergence is less problematic with these restrictions.
We chose a simple random walk algorithm to simulate the posterior. This technique is easy to understand and
implement by users, and it is one of the earliest MCMC methods. Like the bootstrap methods, there are many more
sophisticated MCMC techniques that may perform better than the random walk algorithm for obtaining conﬁdence
intervals. See, for example, Robert and Casella (2004) for a presentation of some of these.
6. Conclusions and recommendations
The mixture model ﬁtted to a distribution of P -values yields useful information regarding the proportion of “truly
signiﬁcant results,” denoted TP herein. The uncertainty in estimates of TP depends on uncertainty of parameter estimates
in the mixture model. Though it is usually not difﬁcult to obtain point estimates of parameters, the uncertainty associated
with these estimates is more challenging to assess, depending on true values of parameters and number of P -values.
And there are many computational tools available to assess this uncertainty, each one offering different advantages.
This paper explored these topics.
An advantage of MLEs is their large sample optimality properties. However, we found that the number of P -values
(i.e., samples) must be much larger than originally thought for the particular mixture model considered here. Difﬁculties
with estimation occurred even when k = 1000. In general, the Hessian, MCMC, and bootstrap methods could be used
together to see if the results from the different methods are similar. In fact, in simulation cases when the interval
estimates from the three methods were similar, we felt some comfort in the accuracy of the point estimate and the
interval estimate. This similarity of interval estimates was also present in results for the two example data sets.
Thus some guidelines gleaned from this study would be to ﬁrst, use the Hessian method (perhaps using multiple
starting values in the numerical optimizer) to evaluate the curvature of the likelihood near the optimum. If the different
starting values result in the same optimum and variance estimates are relatively small, then the Hessian method could
be used for interval estimates. Otherwise, in these cases the bootstrap method may produce a narrower interval with
coverage closer to nominal, particularly if using one of the more sophisticated methods based on bootstrap percentiles.
If numerical difﬁculties locating a global optimum are encountered and the information matrix is near singularity, the
MCMC method may be useful. In such cases, more attention could be given to convergence issues with MCMC and
the simulated posterior may yield useful information regarding ridges or multiple optima in the likelihood surface.
This paper considered the sampling variability of estimates due to repeated sampling from the mixture model itself.
Correlated P -values would add to the variance of estimates than what was seen in our results. Incorporating uncertainty
due to this correlation would likely require simulating gene expression data from some probability distribution and
computing the P -values from the simulated data as was done to some extent in Allison et al. (2002) and Gadbury et
al. (2003). This probability distribution would need to be highly dimensional multivariate. Computing “correlated”
P -values from simulated gene expression data while maintaining known marginals that are the uniform beta-mixture
model seemed problematic and is a subject of continuing research involving cupolas (cf., Genest and MacKay, 1986).
What type of correlation structure is reasonable for microarray data is also an open question (Mehta et al., 2004).
In practice one may be interested in variability due to sampling of biological specimens for the study. In experiments
with larger numbers of arrays, treating the arrays as a “population” and sampling sub-samples of arrays has been used
to quantify uncertainty (Pepe et al., 2003). This idea is similar in concept to what has been termed “plasmode” analysis
where data from actual microarray studies are used as templates for simulations. Such approaches may also preserve
correlation structures in simulated data (Allison et al., in press). How these simulation techniques could be used to
assess the precision of estimates for mixture model parameters is a topic of current investigation.
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