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Abstract Micro-array technology allows investigators the
opportunity to measure expression levels of thousands of
genes simultaneously. However, investigators are also
faced with the challenge of simultaneous estimation of
gene expression differences for thousands of genes with
very small sample sizes. Traditional estimators of differences between treatment means (ordinary least squares
estimators or OLS) are not the best estimators if interest is
in estimation of gene expression differences for an
ensemble of genes. In the case that gene expression
differences are regarded as exchangeable samples from a
common population, estimators are available that result in
much smaller average mean-square error across the
population of gene expression difference estimates. We
have simulated the application of such an estimator,
namely an empirical Bayes (EB) estimator of random
effects in a hierarchical linear model (normal-normal).
Simulation results revealed mean-square error as low as
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0.05 times the mean-square error of OLS estimators (i.e.,
the difference between treatment means). We applied the
analysis to an example dataset as a demonstration of the
shrinkage of EB estimators and of the reduction in meansquare error, i.e., increase in precision, associated with EB
estimators in this analysis. The method described here is
available in software that is available at http://www.soph.
uab.edu/ssg.asp?id=1087.
Keywords Micro-array . Shrinkage . Estimation .
Empirical Bayes

Introduction
The advent of micro-array technology has allowed
investigators to measure the expression of thousands of
genes simultaneously. Such technology can be used for
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many purposes including evaluating whether and to what
extent certain conditions affect gene expression. These
conditions or factors can include genotype or environmental manipulation. An example of a study of this type
was published by Lee et al. (1999) in which they examined
the effects of age and caloric restriction on gene expression levels in over 6,000 genes in mice. Such a rich data
set offers many possibilities, but also poses many
challenges to summarize the volume of available data.
A primary objective of many micro-array experiments is
to identify which genes are most likely to be differentially
expressed. Secondarily, investigators may be interested in
examining the amount of change in gene expression, i.e.,
estimation of the degree of change in expression. Results
in statistics show that when estimates (e.g., estimated
differences in gene expression) of many parameters (e.g.,
true gene expression differences) are examined simultaneously, the estimators have a much larger variance, i.e.,
range in values, than the true parameters. This is because
of the additive property of variances; it could be assumed
that the parameters (true unobservable values) are random
samples from some distribution, such as the normal. The
distribution of parameters thus has a mean and a variance
and each parameter is assumed to be a random sample
from that distribution in which the variance of the
parameters describes the variability among parameter
values. Likewise, the estimators of the parameters have
errors, i.e., differences between the true parameter value
and the estimator, which also can be assumed are random
samples from a normal distribution. Hence, each estimator
may be thought of as the sum of two random variables, a
parameter value and an estimation error. An important
result from statistics dealing with normally distributed
random variables states that the variance of a sum equals
the sum of the variances. In this context, the variance of
the estimators equals the variance of the parameters (e.g.,
true differences in gene expression) plus the variance of
the estimation errors. As a result, the estimators have a
much larger variance than the true parameters so that
estimators of positive differences in gene expression tend
to be larger than the true values (the parameters) and
estimators of large negative differences in gene expression
tend to be more negative than corresponding true differences (assuming differences in expression were centered
about zero).
In practice, only the estimators are known; true values
are unobservable. Thus, we need to think about the
problem in reverse, i.e., to infer from the data to unknown
parameters rather than from parameters and errors to the
data as in the foregoing discussion. The foregoing
discussion emphasized inflation of estimators away from
zero relative to the true values; in practice, only the
estimators are observed with the knowledge that they are
inflated and thus need to be shrunk towards zero (or some
grand mean value) so they are closer, on average, to the
true parameter values. Such estimators, i.e., shrinkage
estimators, have been developed in a Bayesian context
(James and Stein 1961) and in a frequentist context
(Henderson 1984; Robinson 1991).

A fundamental requirement for application of shrinkage
estimators is the assumption that the true parameter values
can be modeled as realizations of random variables from
some probability distribution. In the context of Bayesian
statistical estimation, it is assumed that parameters are
exchangeable samples from some distribution, commonly
a normal distribution. A set of random variables, say θ1,
θ2,⋯, θk, is said to be exchangeable if the parameters are
samples from a common joint distribution, p(θ1, θ2,⋯, θk),
that is invariant to permutation of the indexes, i.e., the
order, of the random variables (Gelman et al. 2003; Everitt
1998; Good 1994). In practical terms, exchangeability
implies a symmetry in the prior information available on
the parameters. If a parameter, θi, is chosen and another
parameter, θj, is chosen at random the indices i and j
convey no information that can distinguish θi and θj so that
a priori we have the same expectations about their values.
Gelman et al. (2003) describe exchangeability as implying
“ignorance”, i.e., to claim parameters are exchangeable is
to include no prior information about the parameters in the
prior distribution. This is not to say that the parameters
would be exchangeable if we knew everything about them
(in which case we would not need an experiment), but it is
to say that we do not assume any prior knowledge, such as
what pathway a gene is in or what its regulatory elements
are. Other information could be used in the model, if it
could be formalized into a statistical model, which is
perhaps the biggest challenge in model-driven approaches.
While the assumption that gene expression differences are
exchangeable samples from a normal distribution appears
to be a restrictive assumption, it is in fact just the opposite,
it is an assumption of ignorance, i.e., no prior information.
In this paper, we have applied a straightforward (EB)
analysis, described in Morris (1983), in which differences
between means of log base-2 and normalized intensity
measures were regarded as being exchangeable samples
from a normal distribution with normally distributed
observational errors. We illustrate the approach with
both simulated data and real data and we quantify the
reduction in mean-square error of the estimated difference
in gene expression via simulation.

Materials and methods
Micro-arrays offer an excellent example of simultaneous
estimation of many parameters, where parameters in this
case refers to true differences in gene expression. The
objective is to obtain an estimator of the ensemble of gene
expression differences that on average have the lowest
mean-square error. Assuming that errors in gene expression measurement are exchangeable samples from a
normal distribution, the classical estimator of the difference between treatment means, the ordinary least squares
(OLS) estimator, is known to have the smallest variance
(i.e., to be the most precise estimator) among unbiased
estimators of the difference in gene expression for a
particular gene (Searle 1971; Searle et al. 1992). However,
if we consider the ensemble of parameters (differences in
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gene expression) being estimated to be an exchangeable
set of parameters, we have additional information about
them, which can provide better (more precise) estimators.
In such a case, we have additional information, namely
that true gene expression differences are random samples
from a common distribution, such as a normal distribution,
with known (or estimable) mean and variance. Morris
(1983) has given a thorough review and description of
how empirical Bayes (EB) estimation can be used to
obtain estimators of parameters that are considered the
result of a known stochastic sampling process. A review of
frequentist methods, namely best linear unbiased prediction (BLUP), for obtaining estimates of random effects
under a very similar model is given by Robinson (1991).
Experimental conditions
We model an experiment in which gene expression
measurements are made on n1 subjects in group 1 and n2
subjects in group 2. The treatments can be assumed to be
any factor separating the two groups such as age, sex,
disease, or drug treatment. For each subject, the tissue(s)
of interest is collected, extraction is performed, and a
single gene expression measurement is generated for each
of k genes. The objective is to estimate the parameters, θi (i
=1⋯k), which are the true differences in gene expression
between treatment groups 1 and 2 for genes indexed 1⋯k.
The parameters θi are defined as
i  1i  2i ;
where μ1i is the true mean gene expression for gene i in
treatment group 1 and μ2i is the true mean gene expression
for gene i in treatment group 2.
The traditional OLS estimator of θi is given by
Di ¼ X 1i  X 2i ;
where
X 1i ¼ 1n1

n1
X

X1ij ;

j¼1

X 2i ¼ 1n2

n2
X

X2ij ;

j¼1

and Xhij is the gene expression measurement for the group
h, gene i, and subject j.

The estimated variance of Di is
Vi
¼ 1n1

n 
X
2
1n  1
X1ij  X 1i

!

j¼1

þ 1n2

!
n 
X
2

:
1n  1
X2ij  X2i
j¼1

The OLS estimator is well known to have the smallest
variance among all unbiased estimators (Searle 1971).
Conditional on parameters θi and Vi of the Di, the
distribution of the Di is
Di ji ; Vi  N ði ; Vi Þ

(1)

The conditional distribution of differences in gene
expression, Di, in Eq. 1 is conditioned on fixed values of
the true difference in gene expression, θi, and the
observation error variance for gene i, Vi, which in reality
are not known. If the ensemble of parameters of interest,
namely, θi for i =1⋯k, were considered an exchangeable
set of random variables, estimators with lower meansquare errors are obtainable, which has been shown in a
Bayesian context (James and Stein 1961) and in a
frequentist context (Henderson 1984; Robinson 1991). In
the hierarchical model reviewed by Morris (1983),
parameters of interest were modeled as exchangeable
samples from the normal distribution, meaning that the set
of random variables represents a set of similar quantities.
In the case of gene expression micro-array data, each θi
represents the true (unobservable) difference in gene
expression between two treatment groups for one gene.
The θi are all similar in that they all represent differences
in mRNA levels corresponding to a specific gene. A set of
θi that might not be considered exchangeable would be
three parameters representing differences in levels of
preprocessed RNA, mRNA, and protein (i.e., gene product), respectively, corresponding to a particular gene.
While the three parameters are associated with a single
gene, they are unknown quantities representing three
fundamentally different biological processes, so we might
not think of them as exchangeable quantities. Assuming
the parameters θi are exchangeable, we can model them as
independent and identically distributed (iid) samples from
some distribution, such as a normal distribution. In the
classical model reviewed by Morris (1983), they are
assumed to be iid samples from the normal distribution,
i.e.,
i j; A  N ð; AÞ;

i ¼ 1; . . . ; k:

(2)

An ensemble of estimators is obtained by application of
Bayes law to obtain estimators of the θi conditional on the
data (Morris 1983). The data consist of the OLS estimators
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Di, and known parameters Vi, μ, and A, where


i jDi ; Vi ; ; A  N i ; Vi ð1  Bi Þ ;

(3)

i ¼ ð1  Bi ÞDi þ Bi ;

(4)

and
B^ i ¼ k  3k  1Vi ðVi þ AÞ:

(5)

Equations 3, 4 and 5 are simplified forms of Eqs. 1.7,
1.8, and 5.5, respectively, in Morris (1983), where we have
given the estimated form of the Bayesian shrinkage
coefficient, Bi. EB estimates of the θi were obtained by
using point estimates of Di, Vi, μ, and A estimated directly
from the data. Estimation of model parameters followed
by substitution of the estimates as known values makes the
analysis “empirical” Bayes as opposed to “Bayesian.” The
parameters μ and A were estimated using the iterative
equations outlined in Morris (1983).
^ ¼

k
X
i¼1

Wi D i

k
X

Wi

(6)

i¼1

Wi ¼ 1Wi þ A^

(7)

and
A^ ¼

X

n
oX
2
Wi ðkk  1ÞðDi  ^ Þ  Vi
Wi

i

(8)

i

The EB estimators, θi* for θi are obtained by substitution of ^ and A^ from Eqs. 6 and 7 for μ and A in Eqs. 4
and 5. The EB estimator θi* in Eq. 4 is a compromise
estimator between the prior estimate of θi, ^ (estimated
from the data), and the data, represented by the OLS
estimator, Di. Equation 4 can be rearranged to accentuate
the shrinkage property of this estimator as i ¼ Di  B^ i
ðDi  ^ Þ , where the term B^ i ðDi  ^ Þ is the “shrinkage”,
i.e., the amount by which the OLS estimator is “shrunk” or
“regressed” towards the mean, ^ .
We found the algorithm straightforward to implement in
common packages such as SAS and Splus, as well as
programming languages such as JAVA and Fortran.
Equations 6, 7 and 8 converged quickly for data sets
that we analyzed. The analysis is implemented in a
publicly available software package, HDBStat!, available
at http://www.soph.uab.edu/ssg_content.asp?id=1164.
Simulation methods
To demonstrate the reduction in mean-square error of EB
estimators compared to OLS estimators, gene expression
differences were simulated from known distributions and

estimated by OLS and by EB. Micro-array datasets with
10,000 genes were simulated with three chips in a control
group and three chips in a treatment group. It was assumed
that 30% of genes were differentially expressed between
the treatment and control groups. We chose 30% based on
experience in our group with several micro-array data sets.
Differentially expressed genes were assumed to follow a
standard Laplace distribution with a mean of zero and
scale parameter 1 (Evans et al. 1993). The Laplace
distribution was chosen because it is highly kurtotic and
therefore a test of non-normality of gene expression
differences. Furthermore, it was chosen because it was
thought to be a biologically reasonable departure from
normality in that, under this distribution, there are many
more values close to zero than expected under normality.
Error variances of observed values were sampled from a
uniform distribution with lower bound 1 and upper bounds
of 1, 2, 10, and 100 to simulate both different ratios of
error to treatment variance and heteroscedasticity of error
variances. The observational error for gene i with subject j
was generated with a correlation to gene i −1 within the
same subject. Correlation coefficients between successively simulated genes within subjects of −0.99, −0.5, 0,
0.5, or 0.99 were used to simulate different levels of
correlation of gene expression within subjects. The
ordered way in which we simulated errors induced an
autoregressive correlation structure such that errors for
subjects i and i +1 had a correlation of r, i, and i +2 had a
correlation of r2, and so on (subjects i and i + n and a
correlation of rn). Two error distributions were examined,
the standard normal and chi-squared distribution with a
single degree of freedom, to test EB estimators under
assumed normality of errors and with non-normal errors.
The chi-square-shaped distribution was generated by
squaring the standard normal errors and dividing by the
square root of 2. Finally, randomly generated errors were
multiplied by the square root of the randomly generated
error-variance to simulate heteroscedastic error variances.
The chi-square distribution was chosen to simulate errors
with a long tail of the distribution, as commonly observed
in micro-array data. Final simulated data were obtained by
adding the random gene expression difference to the errors
in the treatment group (for those genes that were truly
differentially expressed). The process was repeated to
produce 10,000 data sets for each set of simulation
conditions, where simulation conditions included two
error distributions (normal and chi-square), four upper
bounds for the random error-variance and five levels of
correlation between genes for 40 sets of simulation
conditions. These simulation conditions cannot possibly
represent all biological possibilities. The conditions
chosen were thought to reasonably represent biological
situations and were chosen to test departures from
assumptions.
OLS and EB estimates of differences in gene expression
between the control and treatment group were computed
for all simulated datasets. The estimation error for each
gene, ^i  i , was computed for the OLS estimator and for
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the EB estimator for each gene. Average bias was
estimated as the average of all estimation errors across
all genes for a dataset and mean-square error was
estimated as the sum of squared estimation errors for the
dataset divided by number of genes. Bias and mean-square
error were then averaged across the 10,000 simulation runs
for each set of conditions.
Example data
The example data were taken from a study of mouse liver
(T. Kayo and R. Weindruch, unpublished data, University
of Wisconsin-Madison). A comparison was made between
Table 1 Average bias and
mean-square error of ordinary
least squares (OLS) and empirical Bayes (EB) estimators of
gene expression differences

a

Distribution of errors, 1 for
standard normal and 2 for chisquared
b
Correlation between adjacent
genes (adjacent meaning only
adjacent in the covariance matrix of observations within subjects)
c
Error variances were randomly
simulated from a uniform distribution with lower bound one
and upper bound given in the
“Error ratio” column
d
Bias columns give the average
bias (across 10,000 simulation
replicates) of ordinary least
squares estimators (OLS) and
empirical Bayes estimators (EB)
e
Mean-square error of OLS
estimators
f
Mean-square error of EB
estimators
g
Ratio mean-square error of EB
estimators divided by meansquare error of OLS estimators

calorically restricted mice and young control mice. Four
mice in each group were sacrificed and mRNA was
extracted from each mouse. The mRNA from each mouse
was analyzed on a single Affymetrix GeneChip (Affymetrix, Santa Clara, Calif.) micro-array chip. Further details
on experimental conditions have been given in a related
experiment by Hagopian et al. (2003). Individual intensity
measurements were log base-2 transformed and the mean
of each chip was subtracted from each observation on the
chip to remove confounding of chip-to-chip variation. The
log base-2 transformation was chosen to make the effects
being estimated interpretable; by transforming with a base2 logarithm, a “difference” of 1 unit corresponds to a
doubling of expression, a difference of 2 units corresponds

Error distributiona Correlationb Error ratioc Bias OLSd Bias EB MSE OLSe MSE EBf MSE ratiog
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2

−0.99
−0.5
0
0.5
0.99
−0.99
−0.5
0
0.5
0.99
−0.99
−0.5
0
0.5
0.99
−0.99
−0.5
0
0.5
0.99
−0.99
−0.5
0
0.5
0.99
−0.99
−0.5
0
0.5
0.99
−0.99
−0.5
0
0.5
0.99
−0.99
−0.5
0
0.5
0.99

1
1
1
1
1
2
2
2
2
2
10
10
10
10
10
100
100
100
100
100
1
1
1
1
1
2
2
2
2
2
10
10
10
10
10
100
100
100
100
100

0.0000
0.0001
−0.0001
0.0000
−0.0005
0.0000
0.0000
0.0002
0.0002
0.0006
0.0001
0.0000
0.0001
−0.0007
−0.0006
0.0003
0.0000
−0.0001
−0.0010
0.0083
0.0010
0.0000
−0.0001
0.0000
−0.0002
0.0004
0.0001
0.0000
−0.0002
0.0004
0.0020
0.0001
−0.0002
−0.0005
0.0012
−0.0053
−0.0007
−0.0007
0.0013
0.0005

0.0000
0.0000
−0.0002
0.0000
−0.0008
0.0000
−0.0001
0.0003
0.0002
0.0011
0.0002
0.0000
0.0000
−0.0007
−0.0012
0.0003
−0.0005
0.0004
−0.0011
0.0100
0.0003
0.0000
−0.0001
−0.0001
−0.0003
0.0001
0.0002
0.0001
0.0000
−0.0001
0.0012
0.0001
−0.0001
−0.0004
0.0006
0.0004
−0.0004
−0.0001
0.0006
0.0007

0.67
0.67
0.67
0.67
0.67
1.00
1.00
1.00
1.00
1.00
3.67
3.67
3.67
3.67
3.66
33.73
33.67
33.67
33.66
33.66
0.67
0.67
0.67
0.67
0.67
1.01
1.01
1.01
1.01
1.01
4.02
4.02
4.02
4.02
4.02
38.90
38.91
38.89
38.91
38.92

0.37
0.36
0.36
0.36
0.37
0.46
0.45
0.45
0.45
0.47
0.89
0.87
0.87
0.87
0.93
4.76
4.55
4.54
4.54
5.00
0.26
0.26
0.26
0.26
0.26
0.32
0.32
0.32
0.32
0.32
0.56
0.54
0.54
0.54
0.56
2.12
2.03
2.03
2.03
2.11

0.55
0.54
0.54
0.54
0.56
0.46
0.45
0.45
0.45
0.47
0.24
0.24
0.24
0.24
0.25
0.14
0.13
0.13
0.13
0.15
0.39
0.39
0.39
0.39
0.39
0.32
0.31
0.31
0.31
0.32
0.14
0.14
0.14
0.14
0.14
0.05
0.05
0.05
0.05
0.05
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to a change in expression of four times (2 to the second
power) and so forth (Baldi and Long 2001; Wolfinger et
al. 2001; Yang et al. 2002). For each gene, the mean
expression and variance of transformed measurements for
each of the two groups were calculated and used to obtain
EB estimators. The example data presented here do not
validate nor invalidate use of this model, but rather they
provide a demonstration of the shrinkage property of the
model. Because in any real data set we do not know the
truth, real data sets cannot be used to test the use of the
model.

Results
Simulation
Simulations clearly demonstrated that shrinkage estimators
have smaller mean-square error than OLS estimators under
a wide range of conditions. For the simulation conditions
chosen in this particular study, the ratio of mean-square
error of EB estimators to mean-square error of OLS
estimators ranged from 0.05 to 0.56 (Table 1; Fig. 1).
Correlation between genes had almost no impact on the
mean-square error (Table 1). The assumed observational
error distribution (normal vs chi-square) and the variance
ratio however had a much greater impact on the reduction
in mean-square error of the EB estimators. Across all
conditions, a greater reduction in mean-square error was
observed for EB estimators with the chi-square distribution as the error distribution. The reduction in mean-square
error also increased with increasing range of error
variance. The larger the upper bound of the randomly
simulated error variance (with lower bound always set
equal to 1), the larger the reduction in mean-square error.
No appreciable average bias was detected in either the
OLS estimators or the EB estimators.

Fig. 1 Plot of ratio of mean-square error of empirical Bayes (EB)
estimators divided by mean-square error of ordinary least squares
(OLS) estimators (y-axis) versus the base-10 logarithm of the upper
bound of observational error variances (x-axis) for simulated data.
Each plotted observation is the ratio of mean-square errors averaged
across five values of correlation between successively simulated
genes (see Materials and methods for description of correlation
between genes)

Example data
The example dataset provided a demonstration of the
shrinkage produced by the EB estimators used here
(Fig. 2). OLS estimators ðx 1i  x 2i Þ ranged from −5.28
to 4.33, whereas EB (shrunken) estimators ranged from
−2.06 to 1.69. Figure 2 also shows that not all gene
expression differences are equally shrunken. For a given
OLS estimate of the difference in gene expression, some
EB estimates had a wide range in value, i.e., the degree to
which they were shrunk towards the mean. The variability
in shrinkage coefficients among genes is a function of the
variability in estimated variances of gene expression
differences among genes. The higher the estimated
variance of the difference in gene expression, the less
information there is for a gene, and hence, the larger the
degree of shrinkage for that gene.

Fig. 2 Plot of empirical Bayes (EB) estimates versus ordinary least
squares (OLS) estimators

Discussion
Much attention has been given to hypothesis testing in the
micro-array literature, but less emphasis has been placed
on estimation of effect sizes. If investigators are interested
in examining empirical estimates of differences in gene
expression as a means of identifying genes with relatively
large differences in expression, estimation of effect sizes
becomes an important issue. Micro-arrays are a clear
example of a situation in which many parameters are
estimated, each parameter with very little relative
information due to very small sample size.
Morris (1983) outlined an EB solution for a hierarchical
linear model in which the underlying parameters (in this
case true differences in gene expression) are modeled as
exchangeable samples from a normal distribution. By
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application of this algorithm to micro-array data, we have
shown that estimators of gene expression differences for a
large sample of genes are readily obtained with greatly
reduced mean-square errors compared to ordinary estimators. Simulation results demonstrated that reduction in
mean-square error was robust to departures from certain
assumptions, including normality of both gene expression
differences and normality of measurement errors. The
reduction in mean-square error was particularly robust to
correlation between genes. The autoregression correlation
structure we introduced in which pairs of genes had
correlations ranging from essentially zero to as high as
0.99 produced a distribution of errors that appears to be
quite non-exchangeable if one knew the correlations and
how they are distributed among genes. However, as we
have shown, if ignorance is assumed, a large degree of
variable correlation between genes did not impact the
mean-square error of shrinkage estimators. Heteroscedasticity and magnitude of error variances had a large impact
on the relative reduction in mean-square error in that the
greater the magnitude of error variances, the greater the
reduction in mean-square error of the EB estimators.
In conducting our investigations, we found that this
analysis was easily implemented in standard statistical
packages and converges quickly. Hence, the EB estimator
from a hierarchical normal model reviewed by Morris
(1983) not only has a desirable statistical property, but also
has relative computational simplicity compared to more
fully Bayesian techniques that require Markov Chain
Monte Carlo approaches.
There are clear benefits to obtaining shrunken estimators of gene expression differences in order to reduce the
mean-square error of the estimate. Several other authors
have proposed EB and Bayesian methods for micro-array
data that provide shrinkage estimators (Ibrahim et al.
2002; Kendziorski et al. 2003; Newton et al. 2001, 2003).
Alternatively, several authors have proposed methods
(both frequentist and Bayesian) that model gene expression differences from a common distribution (or mixture)
but that do not necessarily provide shrinkage estimators
(Broet et al. 2002; Efron et al. 2001; Lee et al. 2000, 2002;
Pan et al. 2003). All of the methods we have cited here
employed some type of mixture distribution for gene
expression differences to model differentially and nondifferentially expressed genes (or expressed and unexpressed) as being from different distributions. The
exception was that of Lee et al. (2002) who, like our
approach, did not employ a mixture distribution.
The EB approach we have described does have
limitations. First, the analysis assumed known error
variances, which we have estimated for each gene and
treatment group from a very small number of observations.
Second, the analysis assumes that gene expression differences are exchangeable samples from a normal distribution. Assuming that genes are exchangeable samples is not
wholly unreasonable. However, assuming that they are
normally distributed may be a difficult assumption
(Figs. 3,4). Despite the assumption that gene expression
differences were exchangeable samples from a normal

distribution, EB estimators had much lower mean-square
errors than traditional OLS estimators across all conditions. In particular, the correlation structure we assumed
generates a correlation structure that is definitely not
exchangeable because some genes have very high
correlations while others have very low correlations.
Based on the results of our study, the amount of
correlation simulated had almost no impact on reduction
in mean-square error for EB estimators, and therefore, it
would appear that the exchangeability assumption is of
little consequence. In reality, it is unknown what correlation structure to expect in micro-array data. It is expected
that biological relationships among genes should induce
correlations, but the extent to which such expected
correlations are realized in micro-array data is very
difficult to assess given the large numbers of genes and
small numbers of observations per gene. As Gelman et al.
(2003) state, “the less we know about a problem, the more
confidently we can make claims of exchangeability.” In
other words, exchangeability is a claim of ignorance more
than it could be considered a restriction on the model.
The liver data example revealed evidence that the true
distribution of gene effects had larger tails than expected
under the normality assumption (Fig. 4). The large tails in
the estimates of gene expression differences suggests some
departure from the normal-normal model that was
assumed. If the normal-normal model is an inadequate
description of the underlying sampling process, the
estimates of some θk may have very large mean-square
errors, even though the MSE on average is less (Louis and
Shen 1999). We have not investigated in detail the extent
to which departure of the model from the assumed normalnormal structure affects the MSE of specific θk. One might
expect that if the tails of the distribution of the θk appear
larger than predicted by the model, that the largest (and
smallest) gene expression differences are truly larger (or
smaller) than predicted, and hence the model predictions,
i.e., their estimators, would likely be less than their true
values.

Fig. 3 Histogram of empirical Bayes (EB) estimates of gene
expression differences for the example data. Nineteen observations
were less than −1.2 and seven observations were greater than 1.2, so
these are not represented in the histogram

39

Fig. 4 Quantile-quantile probability plot of empirical Bayes (EB)
estimators showing heavy tails of the distribution of EB estimates
from the example data
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